Abstract Accurate low and high-lying bound states of Tietz-Hua oscillator potential are presented. The radial Schrödinger equation is solved efficiently by means of the generalized pseudospectral method that enables optimal spatial discreti zation. Both = 0 and rotational states are considered. Ro-vibrational levels of six diatomic molecules viz., H 2 , HF, N 2 , NO, O 2 , O + 2 are obtained with good accuracy. Most of the states are reported here for the first time. A detailed analysis of variation of eigenvalues with n, quantum numbers is made. Results are compared with literature data, wherever possible. These are also briefly contrasted with the Morse potential results.
Introduction
Construction of the universal potential energy function for molecules has been a challenging and active field of research in chemical physics. The reason for this is that the potential energy function succinctly carries the necessary informations relevant for a molecule. Thus, an enormous number of such functions have been proposed over the years, after the publication of three-parameter, exponential Morse potential [1] about 85 years ago. The literature is huge; the following reference gives some of the older as well as relatively newer empirical functions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Usually, larger the number of parameters in the analytical potential energy function, better the fit with A. K. Roy (B) Division of Chemical Sciences, Indian Institute of Science Education and Research (IISER) Kolkata, Mohanpur Campus, Mohanpur 741 252, India e-mail: akroy@iiserkol.ac.in; akroy6k@gmail.com experimental data. While a few of these such as Morse, Mie-type and pseudoharmonic potentials offer exact analytic solutions [16, 17] , most of these unfortunately can not be analytically solved for arbitrary vibrational and rotational quantum numbers. This necessitates the use of approximation schemes for their solutions.
Recently some attention has been paid on an analytic Tietz-Hua (TH) model potential [8, 11] for ro-vibrational levels in diatomic molecules, expressed in the following form, 
v(r )
where r e relates to the molecular bond length, β the Morse constant, D signifies the potential well depth, r denotes the internuclear distance, while c h implies an optimization parameter obtained from ab initio or Rydberg-Klein-Rees intramolecular potentials respectively. Note that in the limit of potential constant c h approaching zero, TH potential reduces to the familiar Morse potential [1] . This potential supposedly describes the molecular dynamics (especially at high rotational and vibrational quantum numbers) more realistically than the traditional Morse potential [19] [20] [21] . Also it has been noted that this usually fits the experimental Rydberg-Klein-Rees curve more closely than the Morse function, especially near the dissociation limit [11, [19] [20] [21] . In another study, using Hamilton-Jacobi theory in conjunction with BohrSommerfeld quantization rule, analytical expressions for rotational-vibrational levels of diatomic molecules within TH model have been derived [22] . Radial probability distributions of some diatomic molecules in excited rotational-vibrational states have also been reported using this route [23] . Very recently, exact analytical solution of the radial Schrödinger equation with TH potential has been provided for s waves within a parametric Nikiforov-Uvarov method [24] . In another development, approximate analytical solutions of the Dirac equation with TH potential were obtained for arbitrary spin-orbit quantum number using the Pekeris scheme [25] . The purpose of this work is to offer approximate solution of radial Schrödinger equation with TH potential for molecules. As already mentioned, the = 0 states of this potential can be obtained in closed analytic form; while eigenvalues and eigenfunctions of = 0 states of TH oscillator has not yet been reported in the literature, to the best of our knowledge. Here we take the help of generalized pseudospectral method (GPS) for an optimal effective discretization of the relevant Schrödinger equation. This method has produced very promising results for a number of situations having physical, chemical interest, including structure, dynamics in atomic and molecular physics. Accurate eigenvalues, eigenfunctions were obtained for low as well as higher states for a class of potentials such as spiked harmonic oscillators, logarithmic, rational, powerlaw, Hulthén, Yukawa, exponentially screened coulomb potentials, etc. [26] [27] [28] [29] [30] [31] . Thus we make a detailed study on the bound-state spectrum of TH oscillator with particular reference to diatomic molecules. Ro-vibrational energies and radial densities are studied for both s-wave and rotational sates having arbitrary low and high vibrational quantum number. This will also enable us to judge the viability and feasibility of current approach in the context of diatomic molecular potentials. To this end, arbitrary {n, } states are reported for six molecules, viz., A brief overview of the adopted method is given in Sect. 2. Then a discussion of the results is presented in Sect. 3, while we conclude with a few remarks in Sect. 4.
The GPS method
This method has been discussed in detail earlier (see the references [26] [27] [28] [29] [30] [31] and therein). Thus it suffices to present here only a brief summary of the essential steps involved.
Without loss of generality, the desired time-independent radial Schrödinger equation, to be solved, can be written as (atomic units employed unless otherwise mentioned),
where v(r ) is the TH potential, as given in Eq. (1), while n, signify the radial and angular momentum quantum numbers respectively. The GPS formalism facilitates the use of a denser mesh at small distance and relatively coarser mesh at large distance preserving similar accuracy at both the regions. A key step in this approach is to approximate a function f (x) defined in the interval
Within the Legendre pseudospectral method that we are using currently, x 0 = −1, x N = 1, and x j 's ( j = 1, . . . , N − 1) are determined from the roots of first derivative of the Legendre polynomial P N (x) with respect to x, i.e., P N (x j ) = 0. The g j (x)s in Eq. (3) are termed the cardinal functions expressed as, 
The advantage lies in the fact that this leads to a symmetric matrix eigenvalue problem which can be solved readily and efficiently to give accurate eigenvalues, eigenfunctions by using standard routines. Note that v m (x) = 0 for the above transformation and one finally obtains a set of discretized coupled equations. Considerable checks have been made on the convergence of eigenvalues with respect to the mapping parameters for a decent number of molecular states. After a series of such test calculations, a choice has been made at the point where the results changed negligibly with such variations. In this way, a consistent and uniform set of parameters (r max = 500, α = 1 and N = 300) has been used.
Results and discussion
At first, we present the calculated ro-vibrational levels within the TH model potential. For this six representative molecules, viz., H 2 , HF, N 2 , NO, O 2 , O + 2 are selected; the respective spectroscopic parameters, adopted from [22] , are given in Table 1 . The conversion parameters used in this work are taken from NIST database [32] . These are as follows: Bohr radius = 0.52917721092 Å, Hartree energy = 27.21138505 eV, and electron rest mass = 5.48577990946 ×10 −4 u. However, before we proceed, note that this potential reduces to Rosen-Morse, Morse and Manning-Rosen potential for negative, zero and positive values of c h respectively [22] . Thus two sets of calculations are performed for H 2 and HF in the limit of c h = 0. The {0, 0}, {5, 0}, {7, 0} state energies at such limit are estimated to be −4.481469 (−4.481466), −2.220206 (−2.220195), −1.535804 (−1.535780) eV, where the numbers in the parentheses refer to similar energies reported in [24] , obtained by means of a Nikiforov-Uvarov method. The first and second integer in square bracket identify the vibrational (radial) and rotational (angular) quantum numbers respectively. The same three states for HF molecule read as follows −5.868677 (−5.868710), −3.625307 (−3.625604) and −2.878718 (−2.878878). In both cases, our GPS results are found to be in excellent agreement with those from [24] and one notices that when the potential constant c h tends to zero, TH energy levels approach that of the familiar Morse oscillator levels. This has been verified for other states as well. Now we present the main results for s-wave and rotational states for these six molecules in Table 2 . Thus, nine lowlying bound-state energies corresponding to {0, }, {3, }, {5, }, having = 0, 1, 2 are reported. In comparison to other molecular potentials, there is a visible lack of literature results for TH oscillator potential. No direct results are available for any of the non-zero angular momentum states. Only the = 0 states having vibrational quantum PR signifies present result number n = 0, 5, 7 have been reported very recently in a parametrically generalized Nikiforov-Uvarov formalism [24] . These are available for all the five molecular species except NO. In all ten occasions, GPS energies are found to be in very good agreement with the literature values. The slight discrepancy may be due to the slight differences in conversion factors used in [24] . Next, in Table 3 , nine high-lying rovibrational energies are reported for all the 6 molecular species. Angular quantum number as high as = 30 is considered. To the best of our knowledge, none of these states have been reported before and it is hoped that these could be useful for future referencing.
Next we proceed for a detailed investigation on the energy variations for three selected molecules viz., H 2 , HF and NO respectively. The top three panels (a), (b), (c) in Fig. 1 depict the variations of E n, − D e (in eV) with respect to the angular quantum number for H 2 , HF and NO. These are given for six values of vibrational quantum number, viz., n = 0, 3, 6, 9, 12, 15 for H 2 ; seven values of n (n = 20 in addition to all the six n in H 2 ) for HF; and nine values of n (n = 25, 30 in addition to all the seven n in HF) for NO. Note that the axis goes to 30 for H 2 , while for the other two this is extended to 40. This happens because of the fact that a limited Table 3 Calculated eigenvalues of TH potential for some high-lying states of six diatomic molecules [22] . Much larger differences in v max in TH potential (96) and Morse potential (174) have been observed in I 2 , where the actual value is 107 [33] . The plots for other three molecules are omitted, as their qualitative characteristic features remain similar to one of the three plots in (a), (b), (c). As one moves along the H 2 -HF-NO series, the plot for a given n series tends to vary rather slowly (rate of increase slows down), with H 2 and NO showing maximum and minimum increase respectively, such that for NO the plots are quite flat. Also for a given molecule, as one goes to higher n values, the separation between two successive n plots tends to decrease. Similar qualitative feature has been recorded earlier in the energy versus plot for H 2 within a semiclassical approach [22] . Now we turn to the E n, − D e (in eV) versus n for fixed quantum number for the same three molecules in the bottom panels two more values of 35, 40 are considered besides the seven value of H 2 . In going from H 2 -HF-NO, the plots for different become progressively more closely spaced, with H 2 showing maximum sparsity and in NO the successive separations are too small to be identified properly in the scale. Another interesting feature is that, rate of increase in energy slowly increases as one moves the series, producing a nearly linear structure in NO. Also for H 2 , HF, as takes higher values, the separation between to adjacent tends to grow large. In both the and n plots in top and bottom panels, individual n and series for a given molecule remain nearly parallel to each other.
Conclusion
Tietz-Hua oscillator has been found to be a more realistic analytical potential than the familiar Morse potential in describing molecular dynamics at moderate as well as high rotational and vibrational quantum number. In the present work, we have presented both s−wave and rotational bound states having arbitrary rotational and vibrational quantum numbers with excellent accuracy. A total of 18 low and moderately high-lying ro-vibrational levels are given for six diatomic molecules, namely, H 2 , HF, N 2 , NO, O 2 , O + 2 . While the lower states match quite well the lone literature result, many new states are given here for the first time. Energy changes with respect to n, quantum numbers are discussed in detail for three molecules. In short, a simple accurate and efficient scheme is offered for this and other similar potentials in molecular physics.
